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Abstract 

This paper deals with a particular view of social phenomena produced by collectivities in 
order to demonstrate that collectivities of non-interconnected similar agents which develop 
analogous micro behaviors can also show very interesting forms of self-organization that lead 
to ordered or chaotic macro behavior. I have defined these collectivities as combinatory 
systems since, on the one hand, the macro behavior of the system as a whole derives from the 
combination of the analogous micro behaviors or effects of the agents and, on the other, the 
macro behavior determines, conditions, or directs the subsequent micro behaviors. This 
internal micro-macro feedback produces a self-organization effect as if an Invisible Hand or 
Internal Organizer regulated its time path and produced the observable effects and patterns. 
A Combinatory Automaton is a simple tool to simulate combinatory systems. This is 
composed of a lattice, each of whose cells contains a variable representing the state of an 
agent. The value of each cell at time th depends on a synthetic global variable whose values 
derive from some operation carried out on the values of the cells; this variable represents the 
synthetic state of the automaton. The micro-macro feedback connects the analytical values of 
the cells and the synthetic state of the automaton. With the aid of a simple probabilistic 
combinatory automaton I shall simulate a very strange but meaningful phenomenon: the 
formation of the towered town of Pavia, Italy, which is unique in all the world, as can be 
observed in the historical descriptions or by a visit to this ancient Italian town. 
 
Keywords: behavior of collectivities, accumulation process, diffusion process, Combinatory 
System, combinatory automaton; social dynamics. 
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1. Collectivities as Complex Systems 
 
Collective phenomena are the essence of life at any level, both for human beings – who 
operate in populations, tribes, associations, teams, social units, and so on – and animals, 
which operate in crowds, hordes, flocks, flights, herds, schools, and so on. 
 
A collectivity may be observable (for example, swarms, spectators at a stadium, students in a 
classroom, persons that are talking in a crowded room, dancers doing the Can Can), or simply 
imaginable (for example, trailer-trucks traveling a stretch of highway in a month, the noble 
families of Pavia who erected the 100 towers in the span of two centuries, a group of 
scientists who dedicate themselves to a branch of research, the consumers of a particular 
product during its entire life-cycle, stockbrokers working on a certain day in world or 
European stock markets). From an endogenous perspective (von Bertalanffy, 1968), 
collectivities can be observed as units composed of a plurality of similarly unorganized 
elements (or agents) which appear distinct with respect to the individuals they are composed 
of and show an autonomous observable macro behavior (change in the state of a collectivity 
over time) – which can lead to observable macro effects – which derives from the interactions 
of the micro behaviors (change of the agents’ states over time), or the derived micro effects, 
of the agents.1 
 
Since Thomas Schelling’s attempt, in his very famous work, Micromotives and 
Macrobehavior, to offer through game theory and the prisoner’s dilemma model a logical 
explanation of why collective macro behavior derives from the micro behaviors of intelligent 
agents (Shelling 1971 and 1978), and Conway’s discovery of the fantastic world of Life 
(Gardner 1970), the study and simulation of the behavior of collectivities of agents has 
followed micro or internal approaches, based on Agent-Based Models. In these approaches, 
collectivities are normally interpreted as Complex (Adaptive) Systems, defined as a (usually 
large) plurality of blind (reactive) or intelligent (active), (usually highly) specialized 
interacting agents (or processes), whose collective macro behavior – determined by the 
interaction of the micro behaviors of the agents – is non-linear and derives from local 
(proximity) rules (Waldrop, 1993) following a schema (innate or learned) (Coveney and 
Highfield, 1995; Allen, 1997; Axelrod, 1997; Goldspink, 2000) acting on the basis of limited 
information and local rules.    
 
The Complex Adaptive Systems approach, in particular (Allen 1997), studies how 
collectivities interact and exchange information with their environment to maintain their 
internal processes over time through adaptation, self-preservation, evolution and cognition (in 
the sense of Maturana and Varela 1980: p. 13) and achieve collective decisions (Rao and 
Georgeff 1992; Wooldridge and Jennings 1994) within a relational context of micro behaviors 
(Conte and Castelfranchi 1992).  
 
“If you want to understand why a person acts as she does, it is certainly possible to look 
around in the immediate environment for an explanation. But often an explanation needs to 
look also, or perhaps primarily, at events that occurred in the past and at how the present 
situation developed from previous circumstances.” (Gilbert 1995). 
 
The analysis of complex systems implies a Recursive Approach, and two of the most 
powerful tools are represented by the Cellular Automata Theory (Wolfram, 1994) – 
introduced in the late 1940s by John von Neumann (Burks 1966) and which allows the 
researcher to explore complex systems by simulating Artificial Life (Alife) (Liekens 2000) – 
and the Genetic Algorithms approach (Koza 1992; Bak 1994). The theory of Cellular 
Automata builds mathematical models of a system whose agents are represented by cells in an 
array (a lattice) of one or more dimensions (Creutz 1996, Schatten 1999). It is important to 

                                                 
1 A collectivity of organized agents forms an organization, that is, a social system (a social machine 
according to Maturana and Varela, 1980) where collective and individual behaviour is determined by a 
network of stable relations (that is, the organization). Organized systems are not considered in the 
Combinatory Systems approach. 
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note that the rules that define the micro behavior of a cell are only local rules, in the sense that 
the state of the cell depends only on one of a specified number of neighbours and not on the 
state of the array (Gardner 1970, Toffoli and Margolus 1987, Dewdney 1989 and 1990, Ulam, 
1991). 
 
Nevertheless, global information plays an essential role in many relevant phenomena 
produced by social collectivities that cannot simply be explained on the basis of local rules 
based on limited information. Global information may derive from outside (external director, 
traffic lights, the starting gun in races, trumpeting by the leader of the herd, and so on) or may 
be self-produced by the joint micro behaviors of the agents considered as a whole. I define 
social collectivities acting on the basis of self-produced global information as Combinatory 
Systems. 
 
2. Collectivities as Combinatory Systems 
 
A Combinatory System is a simple social system – or Simplex System (Mella, 2005, 2008) – 
composed of a collectivity of similar individuals (agents that form the base of the system) 
who are not organized according to hierarchical relations or interconnected in network or tree 
relations, and who carry out similar micro behaviors (pedestrians walk along the sidewalk, 
elephants walk through the savanna) that can produce some observable micro effects (the 
individual passers-by leave garbage behind; the individual elephants go where there are other 
elephants present). 
 
Taken together, the micro behavior produces a macro behavior (general tendency to dirty the 
street; formation of a compact herd) that can lead to an observable macro effect (a pile of 
garbage forms; the herd opens a trail in the forest) which, in turn, conditions the subsequent 
micro behaviors of the individuals (the garbage pile represents information about where one 
can abandon garbage with impunity; the herd provides information that protection is 
available). Thus, on the one hand the macro behavior of the system, as a collective unit, 
derives from the combination (appropriately defined in the various circumstances) of the 
similar micro behavior of the individuals (hence the name Combinatory Systems), and on the 
other the macro behavior determines, conditions or directs the subsequent micro behavior, 
thereby conditioning the agents’ choices and decisions. This reciprocal relation can be defined 
as a micro-macro feedback.  
 
I assume that a necessary and sufficient condition for a collectivity (observable or assumed) 
to be considered a combinatory system is the existence of a feedback between the micro 
behavior of the individuals and the macro behavior of the collectivity constituting the system. 
The feedback arises from necessitating factors which force the agents to adapt their micro 
behavior to the system's macro behavior or effect; the feedback is maintained by the action of 
recombining factors, which lead the collectivity as a whole to recombine the micro behaviors, 
or the micro effects, in order to produce and maintain the macro behavior, or the macro effect.  
Recognizing the existence of a micro-macro feedback and understanding the nature of both 
the necessitating factors and the recombining ones is indispensable for interpreting collective 
phenomena as deriving from a Combinatory System; for this reason these factors represent 
the essence of Combinatory System Theory.2 In this sense path dependence (Arthur 1988, 
Liebowitz and Margolis 1998) is proof of the action of the micro-macro feedback, even if 
path dependence theory does not explicitly include this mechanism in the explanation of the 
path dependence.  
 
Combinatory Systems are very common in the biological and social worlds, though we are 
not used to perceiving them. Examples are systems that produce groupings of various objects, 
from cities to industrial districts (Mella, 2006) or the spread and maintenance of particular 
characteristics, from languages to traditions, fashion to collective moods. 

                                                 
2 In order to provide a technical explanation of the action of such systems, and above all for the 
purpose of planning them, knowledge of the energy inputs can turn out to be indispensable. This aspect 
will not be further considered in this paper. 
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3. Micro and Macro Behaviors in Combinatory Systems  
 
Combinatory Systems differ from Complex Systems in that their macro behavior – or the 
associated macro effect – translates into global information (of some kind) which guides the 
choices of individuals who, observing a “distance” between their micro behavior, or micro 
state, and the overall state of the system, try to eliminate this by adapting their individual 
behavior to the collective one.3 For this reason Combinatory Systems can also be called 
systems of self-produced global information, in this way differentiating themselves from 
Complex Systems, whose agents change their states based on the local information from their 
neighbors, following a typical cellular automata model. 
 
I observe that if, on the one hand, it is easy to describe or explain, assuming only local 
information and rules, the behavior of a flock of birds, a school of fish, or a herd of elephants 
when these collectivities have already formed, or the spread of information (information 
contagion), on the other it is not so easy to apply this micro approach to describe, for 
example, the grouping of flocks, swarms, herds and other collectivities (a bird is attracted by 
the flock and not by its neighbors), the formation of graffiti on walls (people are attracted by 
the cloud of graffiti and not by the behavior of other people), the breaking out of applause 
(many people applaud if the applause dies down), or the phenomenon of a rising buzz in a 
crowded room. It is also clear that a person who is talking raises his voice to be heard above 
the increasing buzz of the crowded room only due to individual necessity and not because his 
neighbors are raising their voices; or that a fish joins a school of fish because of the presence 
of a predator, and only if he can perceive the school, and not because he sees other fish join 
the school. 
 
From this it clearly follows that in Combinatory Systems the individual agents change or 
reverse their micro behavior based on the global information consciously or unconsciously 
perceived. Since by definition the agents are similar and have similar behavior, we can 
assume that the same information produces similar decisions regarding the change in state of 
the agents, who thus appear to conform or even synchronize their micro behaviors, as if an 
invisible hand guided their micro behavior (Holland, 1995).4 There is nothing strange here: 
the invisible hand is nothing other than the synergetic effect of the micro-macro feedback 
action (or circular causality) that generates and updates the global information that produces 
synchronization, self-organization and the emerging macro behavior attributable to the 
collectivity. 
 
The operating logic of combinatory systems is described in the model in figure 1. Figure 2 
further clarifies the twofold dynamics that characterizes the behavior of such systems.  
 

                                                 
3 The behavior of the social collectivity can be defined as local –based on limited information – or 
global –based on complete information – depending on whether or not the macro behavior derives from 
local information possessed by the agents (a person acquires a good because he observes that at least N 
friends have bought it; an elephant in a herd runs to the left because the elephants on its right push it in 
this direction) or from global information (over time and/or space) possessed by all the agents (all the 
students rise because the teacher orders them to; all the animals flee because they see the fire 
advancing). 
 4 Adam Smith’s invisible hand naturally comes to mind: “..[By] directing that industry in such a 
manner as its produce may be of the greatest value, he [the entrepreneur] intends only his own gain, 
and he is in this, as in many other cases, led by an invisible hand to promote an end which was no part 
of his intention. Nor is it always the worse for the society that it was not part of it”  (Smith, 1776, p. 
456). 
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Figure 1: The operative logic of a combinatory system 
 
 
4. Typology of Combinatory Systems  
 
Combinatory systems can be ordered and classified into five classes according to the macro 
effect produced (Mella, 2005, 2008):   
 
1. Systems of accumulation, whose macro behavior leads to a macro effect which is 
perceived as the accumulation of objects, behaviors, or effects of some kind; this logic applies 
to quite a diverse range of phenomena, among which the formation of urban or industrial 
settlements of the same kind, of industrial districts, and the accumulation of garbage, graffiti, 
and writings on walls. However, it can also be applied to phenomena such as the breaking out 
of applause, the formation of lines in fashion shows, or the grouping of stores of the same 
type in the same street (Mella, 2006). 
 
2. Systems of diffusion, whose macro effect is the diffusion of a trait or particularity, or of a 
"state", from a limited number to a higher number of agents of the system; systems of 
diffusion explain quite a diverse range of phenomena: from the spread of a fashion to that of 
epidemics and drugs; from the appearance of monuments of the same type in the same place 
(the towers of Pavia) to the spread and maintenance of a mother tongue or of customs.  
 
3. Systems of pursuit, which produce a gradual shifting of the system toward an objective, as 
if the system, as a single entity, were pursuing a goal or trying to move toward increasingly 
more advanced states; this model can represent quite a different array of combinatory 
systems: from the pursuit of records of all kinds to the formation of a buzzing in crowded 
locales; from the start of feuds and tribal wars in all ages to the overcoming of various types 
of limits. 
 
4. Systems of order, which produce a macro behavior, or a macro effect, perceived as the 
attainment and maintenance of an ordered arrangement among the agents that form the 
system; systems of order can be used to interpret a large number of phenomena: from the 
spontaneous formation of ordered dynamics (to an observer) in crowded places (dance halls, 
pools, city streets, etc.) to that of groups that proceed in a united manner (herds in flight, 
flocks of birds, crowds, etc.);4  from the creation of paths in fields, wheel-ruts on paved roads 

                                                 
4 This is the case of populations of insects, typically ants, which act by creating an “aromatic potential 
field” by spreading pheromones or other permanent messages; the increasing concentration of 
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and successions of holes in unpaved roads, to the ordered, and often artificial, arrangement of 
individuals (stadium wave, Can-Can dancers, Macedonian phalanx). 
 
5. Systems of improvement and progress, whose effect is to produce progress, understood 
as an improvement in the overall state of a collectivity normally conceived of as a 
consequence of evolution.  
 

  
Figure 2: Micro and macro dynamics in a combinatory system 

 
5. Models of Combinatory Systems: Combinatory Automaton 
 
The simplest models to represent combinatory systems are the descriptive ones that indicate 
in words the fundamental elements necessary for understanding the operative logic of systems 
that produce observable collective phenomena and, above all, how the micro-macro feedback 
works. 
 
More powerful are the heuristic models that try to simulate the system’s dynamics by stating 
– or constructing ad hoc – a set of rules specifying: (a) the minimum activation number of 
agents necessary to activate the initial micro behavior; (b) the micro, or necessitating, rules 
producing the micro behaviors of agents; (c) the macro, or recombining rules that produce the 
system’s macro behavior; (d) the micro-macro feedback that allows the system to produce the 
observed phenomena. This means that the micro-macro feedback occurs only if the number of 
the agents that produce the micro behavior exceeds a minimum number (critical activation 
mass or density) and remains below a maximum number (critical saturation mass or density), 
which is defined each time for each specific system. The rules must be both necessary and 
sufficient, in the sense that they must simulate as much as possible the modus operandi of the 
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system and, through their joint action, generate the micro-macro feedback which allows the 
system to produce its own dynamics, thereby generating the observed phenomena. Finally, we 
can construct specific mathematical-statistical simulation models that represent the behavior 
of the systems, thereby trying to simulate the dynamics of the macro effect and/or the macro 
behavior in probability terms as well.  
 
Among the most effective mathematical-statistical models are the combinatory automata, 
which represent Combinatory Systems in a matrix array where N cells – for a given instant th 
– represent the micro states of the N agents, xi(th),  where i  takes on the values 1 to N, and/or 
the micro effects, ei(th), corresponding to these individual states.  
The “combination”, according to the recombining rules F of the xi(th), allows us to quantify 
the macro state, Y(th), of the collectivity considered as a whole and/or a global macro effect  
E(th). 
 
The macro state Y(th), and more often the macro effect E(th), generally represent the self-
produced global information based on which the agents, in the presence of the necessitating 
factors f i, determine their new micro state xi(th+1), which leads to the new macro state  Y(th+1) 
– together with the micro and macro effects ei(th) and E(th) – as described by the model in 
figure 3. 
 
I thus define as a (mono-dimensional) Combinatory Automaton a particular automaton whose 
macro dynamics is regulated by a combination (to be specified) of the micro dynamics of its 
cells, according to the specifications in figure 3. The definition of a two-dimensional 
combinatory automaton (which includes the elements in figure 3) is summarized in the 
following formal model: 
 
For 1 ≤ i ≤ N = R×C, 
 

 X(t0) = [xi(t0)]  “chance”             initial random input 

P(t0) = [pi(t0)]              initial probability field 

X(th) = [xi(th)]       analytical state 

P(th) = [pi(th)]              probability field 

Y(th) = F [x i(th)]      synthetic state 

xi(th+1) = f i { [ x i(th), pi(th), Y(th) ] }   transition of states 

pi(th+1) = fp
i { [p i(th), Y(th) ] }             transition of probabilities 

E(th) = G { Y(t h) }     output macro effect 

ei(th) = gi { [x i(th) }     output micro effects 

 

Set: {X(t0), P(t0),  F, fi , f
p
i, G and gi }      operative programme  

 
 
The set of rules specifying the initial state X�t0) and P(t0) and the funcions F, fi  , f

p
i, G and gi 

represents the operative programme, which produces the dynamics of the combinatory 
automaton; these rules must be specified for each simulation. 
 
The micro-macro feedback may be thought of as an internal dynamic director or, better yet, 
as an internal dynamic organizer which produces and uses the global information as an order 
parameter  (Haken, 1977) and, following the slaving principle, directs or organizes the 
individual behaviors to produce the self-organization of the system, and hence of the 
collective phenomena (Kauffman 1993).  
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Figure 3: The components of a combinatory automaton 
 

 
Considering the modus operandi of the combinatory systems and automata, it is useful to 
point out that these may be: 
   
- two-dimensional, if the agents are arranged in R rows and C columns, so that N = (R*C), 

or multi-dimensional (the models here will consider mono- and two-dimensional 
automata); 
 

- reversible, if the agents may assume new micro states but can also return to previous 
micro states; 
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probability. The probabilities can also be different for each cell and change in succeeding 
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dependent if pi ≡ pi(th); output dependent if pi ≡ pi(Y, th). 
 
Probabilities can Act in Two Ways:  
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assumes a new state; otherwise, the actual state is maintained. We might symbolize 
this type of probability by writing: pi(Y, th)0-1. ”0” means that if the event does not 
occur, the agent maintains its state; “1” signifies that the agent changes its state if the 
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event occurs; 
 

- as transition probabilities, in the sense that if the probabilistic event occurs, then the 
agent enters a new state; if the event does not occur, the agent assumes a different 
state or returns to the previous one; we can write: pi(Y, th)-1-1.  

 
The social combinatory systems that are most interesting and easiest to represent are the 
irreversible ones (build a tower or not, teach French or English to babies). In these systems 
both the micro and macro behaviors produce permanent effects that may be viewed as 
increasing or decreasing cumulative processes in which the probabilities are: pi(Y, th)0-1. 
Chaos arises in combinatory systems when the hypothesis of reversibility is introduced (for 
example: to speak or to keep quiet in the next minute, wear a skirt or miniskirt on different 
days, choose road A or B on different days) (Fuchs and Haken 1989).  
 
These systems are generally governed by transition probabilities: pi(Y, th)-1-1, and the 
combinatory automaton simulating them can show a cyclical dynamic and, under certain 
conditions concerning the probability function for the transition of state of the elements, a 
chaotic one as well, where no cycles are recognizable in the time series of the system that 
starts from random initial values (Gleick 1988).  
 
6. An Irreversible Combinatory Automaton Simulating Diffusion 
Effects: The Towers of Pavia 
 
As an example to demonstrate how we can build combinatory automata to simulate social 
collective phenomena, I want to consider a typical diffusion/accumulation Combinatory 
System which has produced the unique phenomenon of a cloud of similar monuments as a 
consequence of micro effects of agents (the noble families)  operating in a combinatorial 
system (the town of Pavia). 
 
Pavia is a picturesque Northern Italian town along the Ticino river, famous not only for 
having the oldest university in the world, founded by King Lotario in A. D. 825, but also for 
its many towers, which is why it is called the Civitas turrigera, Civitas centum turrium, "the 
city of the hundred towers". The tower phenomenon began around 1000, perhaps some 
decades before, and rapidly developed in 1100 and the following century, so that by around 
the year 1300 many had already been ruined. In 1570 the historian Breventano (1570) 
mentioned more than 170 towers, Spelta (1603) around 100, and Zuradelli (1888) counted 76, 
a very impressive number if we consider that within its walls Pavia had a surface area of only 
900 x 900 meters (figure 4).  
 
A recent map of the town reveals 71 traceable towers, 7 of them almost intact (figure 5), 
almost all built during the communal strife between the Ghelphs and Ghibellines and 
incorporated into the palaces of the rich families. Those that are still standing and the still-
visible remains of the others allow us to imagine a truly fascinating panorama – one even 
mentioned by the Italian poet Petrarch (Francesco Petrarca (1304-1374) –testified to by the 
ancient prints of the city. 
 
The towers of Pavia were built on the outsides of the palaces of important families to 
celebrate the birth of a male heir. The brick structures are about 40-60 meters in height, 
square and with each side around six meters wide, windowless and without an interior; the 
towers are truncated, with a flat or slightly slanted roof, just barely covering the tower (figure 
4). These features make them very compact but slender, with a typical clay color. Their 
construction without openings, narrow shape and location indicate they were not used as a 
dwelling or for defense; their only role was as a mark of distinction for a family, usually a 
noble and wealthy one, that had built the palace and, in order to set itself apart from the 
others, its own tower as well. For this reason, during the struggles between the Ghelphs and 
Ghibellines the faction that was winning at the time would pillage the palace of its adversary 
and knock down or break off the tower as a sign of contempt. How can we explain this unique 
phenomenon?  
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Figure 4: The fresco of Pavia in AD 1525 in St. Theodore’s church  

 
 
We can turn to the theory of combinatory systems and thus assume that the first tower was 
built "by chance" – to celebrate the birth of the first-born son – by a rich and noble citizen of 
Pavia who saw it as a way of testifying to his wealth, power and nobility, as well as to his 
pride from the event. The tower rose up clear against the Po River Valley sky and from afar 
could indicate to visitors where the palace was located.  
 
If the first tower had collapsed after a short period of time, had been prohibitively expensive 
to build, or had been taken as a sign of haughtiness, and thus not worthy of imitation, then 
Pavia would probably not have had its hundred towers. But the idea was instead appreciated. 
It is easy to imagine that another powerful noble, in order not to be left behind, was attracted 
by the idea of building a second tower. This, too, was pleasing, and so the combinatory 
system for the towers of Pavia began to develop.  
 
The swarm of towers is the macro effect of past micro behaviors, but in turn it conditions 
future micro behaviors. The idea of distinguishing the family by building a tower arose "by 
chance", but once begun the phenomenon is maintained "by necessity". The macro behavior is 
difficult to imagine, but we can consider it to be the “race to build towers”. Once set off by 
chance, the combinatory system exhausts itself when the density of towers is such that a new 
one would no longer play a distinguishing role but, on the contrary, be taken as unfashionable 
social climbing. 
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Figure 5: The towers of Pavia countable in 1965. I have indicated two clear concentrations of 
towers 

 
To simulate this combinatory system I have devised a combinatory automaton which, without 
going into details concerning the recursive equations, can be described simply as follows: 
 
• the area of Pavia (roughly 900 x 900 square meters) is divided into a 30 x 30 grid of cells; 

the size of a cell corresponds in theory to the area of a noble palace, with each cell having 
a state that can take on two values: xi(th) = [0 towers absent; 1 tower built]; 
 

1) the simulation occurs over a time span of  T = 100 years, divided into 25 four-year 
periods [th, h = 1, 2, …, 25]; 

2) the synthetic state of the automaton is represented by the variable TOW(th) = N(th), 
which indicates the number of towers and the global information which determines 
the field of probabilities that each cell will translate its state from “0” to “1”. 

3) each cell has a stop-or-go probability, pi(TOW, th)0-1, which depends on the state of 
the system, according to a function specified by the simulator; 

4) the necessitating factors – that is, the will-for-tower – are translated into probabilities, 
wi(th)0-1, which are quantified by adding to the pi(th) a minimum base probability pmin, 
which is assigned at the beginning to start-up the system; kcentrcell and kneighns increase 
the probabilities for those cells near one containing a tower. The grid showing these 
probabilities configures a will-for-tower landscape that determines the system’s 
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evolution; 
5) we have chosen the first probability landscape considering the structure of the city 

and the still visible concentration of the remaining towers, as shown in figure 6; 
6) provision is also made for a reduction of the wi(th) to take into account the 

probabilities for the towers’ destruction should they become too numerous; this 
reduction, [-1  ddi(t)0-1   pdi(t)0-1 ], obviously depends on the density of the towers 
in the nearby cells (dd) and on the probability of the towers’ destruction (pd);  

7) we assume the possibility of an external control by the municipality, which can lead 
to the decision to demolish a certain number of towers when the density ratio, 
[TOW(th)/900], is judged too high; we thus include the control coefficient  [- kexogen 

contr (TOW(th)/900) ]0-1. 
 
Thus, the combinatory automaton is regulated by the following equations: 
 
TOW(t h) = ∑1≤n≤N [towi(th)] h = 0,1,2 …  

wi(th+1)R01 = [(wi(th) + pi(TOW, th) + pmin + kcentrcell + kneighbs + 
                    - kexogen contr (TOW(th)/900) ]0-1 

if towi(th) = 0,  then    towi(th+1) = towi(th) + [1  wi(t)0-1]    

if towi(th) = 1,  then    towi(th+1) = towi(th) + [-1  ddi(t)   pdi(t)0-1 ]    
 
The control panel (figure 6) allows us to insert all the data necessary for the simulation. 
Figure 7 shows the initial causal state, the initial will-for-tower landscape, the analytic state 
after the first iteration, and the will-for-tower landscape after the first iteration. 
 

 

 

Figure 6: The control panel of the combinatory automaton 

Towers of Pavia Description of the System
The system is composed of 100 agents arranged in sq uare matrices. The irreversible state of each agent  may be 0 = "no tower", 1 = "tower yes" or -1 = "to wer destroyes"
The state N(t) of the system is the sum of the stat es of the agents
The probability function is linear from N(t) = 0 to  N(t) = 100 < 900 Write in the yellow cell the state N(t) corresponding to the maximum probabilities.

The maximum probability for the state N(t) =     1 is = 0,1 ≤ 100% Write in the green cell the number 0≤p≤100 of the maximum percentage probability for state N(t) =0.

The maximum probability for the  state N(t) = 100,0 is = 1,5 ≤ 100% Write in the green cell the number 0≤p≤100 of the maximum percentage probability for state N(t) = 100

The maximum probability for the  state N(t) = 101 is = 0,0 ≤ 100% Write in the green cell the number 0≤p≤100 of the maximum percentage probability for state N(t) = 50.

The probability  function for each A i(t)  is  p i(t) = 0,1  +[ 0,01 * N(t) ] for N(t) ≤ 100 or p i(t) = 1,5 + [(N(t) - 100 ) * -1,500 ]

To start, enter the initial state "1" in the yellow  cells of matrix at time "0" and the will for new t owers in the blue cells.

Enter the        pmin  + Minimum probabilities 0,0 ≤≤≤≤2(%) We assume this model: 

probability k centrcell  x Premium for central cells 0,0 ≤≤≤≤2(%) Number of tower (synthetic state)

coefficients k neigbs  + Premium for neighbours 1,0 ≤≤≤≤2(%) Will of tower (stop or go probabilities)

dd i(t) Dangerous density in neighbours 4 Integer > 5 ≤≤≤≤  8 Desire for a new tower

k exogen contr Exogenous control 0,0 ≤≤≤≤3333(%) Probability of destruction

pd i(t) Probability of destruction 3,0 ≤≤≤≤2222(%)

Delete RND Ns Delete Initial StateRandom Numbers Del Will for Towers



Piero Mella                                                                                                                              180 

Figure 7: Two initial iterations of the combinatory automaton 
 
Figure 8 represents the result of one simulation. Subsequent repetitions of the program 
obviously produce different but similar patterns. This means that the automaton represents 
one adequate instrument for the simulation of a combinatory system which has produced a 
unique, unrepeatable phenomenon. 
 
7. Conclusions and Challenges  
 
By focusing attention on the importance of both the micro-macro feedback and the 
necessitating and recombining factors that produce and maintain it, the theory of 
Combinatory Systems represents an efficient tool for the procedural explanation of dynamic 
phenomena that derive from the action of collectivities, which can be considered not only as 
aggregates of individuals but as observational units as well. With the aid of unsophisticated 
Combinatory Automata, this theory explains how the behavior of that unit arises and evolves 
by examining the interactive mechanisms between individual (micro) behaviors and collective 
(macro) ones and by trying to determine the rules that give rise to such behavior (and their 
effects).  
 
A question arises: why is this theory able to explain so many and so varied a number of 
phenomena, even though it is based on simple features? Three aspects of this theory make it 
particularly effective:  
 
1.  it is not limited to describing the macro behavior of the unit based on general rules or 

the individual behaviors based only on local rules, but tries above all to uncover and 
explain the feedback between the macro and micro behaviors or their effects;   

2.  to understand the phenomena attributable to the action of combinatory systems the 
theory tries to uncover and make clear the necessitating factors (which cause the 
micro behavior of each agent in the system) and the recombining factors (which 
produce and maintain the unit’s macro behavior). The theory then concludes that, in 
the presence of suitable necessitating and recombining factors, “chance” will trigger 

Initial analytical state. TOW(t0) = 2 Initial will-for-tower landscape 

Analytical state after first iteration. TOW(t0) = 3 Will-for-tower landscape 
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the dynamic process of the system, which “by necessity” is then maintained and 
influences the individual behaviors;  

3.  the procedural explanation offered by the theory not only allows us to understand the 
operating mechanism that produces the phenomena under examination but also 
permits us to determine the most effective forms of control. 

 
The challenge of Combinatory System theory is threefold: (i) to develop more general and 
increasingly sophisticated Combinatory Automata for any specific class of combinatory 
system; (ii) to apply the theory in order to understand collectivities operating in the real 
world; and (iii) to specify, for any real observed collective phenomenon, the sets of 
necessitating and recombining factors which allow us to interpret and control the collectivity 
that produces it.  
 

 

Figure 8: The results of one simulation. The towers existing after 25 iterations (100 years) 
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